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Abstract 

Modeling mortality rates can sometimes give good fits to available data, but a closer 

look at the best-fitting models reveals that they do not entirely make sense, and have a sig-

nificant risk of misprojection. Models fit to US population mortality rates for ages 55 and up 

are reviewed in this light and some simple curve fitting to individual calendar year raw mor-

tality rates illustrates some of the difficulties with the data that create problems for model-

ing. The trends over time are ambiguous and various assumptions for future trends can give 

quite different projections, especially by age. The situation changes for modeling for actual 

pension plans, where there may be less data, the population may be more homogeneous, 

and more information about the individuals may be available. However the projection issues 

remain. 
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Uncertainty of Longevity Projections 

Projecting longevity starts with modeling mortality patterns and their changes over 

time. Hopefully some regularities are then identified that can form a basis for projection. 

Example models here have been fit to US male and female population data from the 

Human Mortality Database. Ages 55 – 89 are fit for years of death 1971 – 2006. The start-

ing point is the LC model from Lee and Carter (1992). That model fits log raw mortality 

rates, which would be usually expressed as the logs of the empirical q(x). Here the mortality 

ratio deaths/living for year t and age at death d is denoted as mt,d. The LC model for the 

mean rate can be expressed as: 

log mt,d = ad + bdht  

Here ad is the base mortality for age d. There is a different parameter for each age, so 

in the sample data there are 35 age parameters. Alternative models fit smoothed curves to 

the base mortality, with fewer parameters. Cubic splines, generalized forms of the Makeham 

curve, and quadratic fits to logistic transforms of the rates are examples. 

The ht parameter represents the level of the mortality function during year t. As 

mortality rates have been decreasing, the h’s tend to get smaller over time. But mortality 

trends can vary by age, which the bd parameters allow for. This is more extreme in the male 

data, where the trend at the oldest ages has been about half of what it is at the younger ages. 

The LC model has fitting problems when the shape of the mortality curve changes in 

more complex ways than the model allows for. In the sample data this is more of a problem 

with the male rates than the female rates. A generalization, discussed for example in Ren-

shaw and Haberman (2006), is provided by adding so-called cohort effects to the model. 

The cohort is the year of death minus the age at death, which is approximately the year of 

birth, depending on the times of year of birth and death. It is possible that some years of 

birth were faced with particular situations throughout life that gave them higher or lower 

mortality rates than people born in other years. 
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The LC plus cohorts (RH) model for the expected mortality rate is: 

  log mt,d = ad + bdht + cdut–d   

Here ut–d is the factor for the t – d cohort, and the c factors allow the cohort effects 

to vary by age. 

Fitting the parameters can be done via MLE by modeling the number of deaths in the 

t,d cell as a distribution with mean = people exposed (i.e., alive) times mt,d , with some re-

sidual distribution, such as Poisson or negative binomial. Recent work has found that the 

Poisson is not dispersed enough for this. Delwarde et al. (2007) found that the negative bi-

nomial fit better for the LC model for male and female population data from a few European 

countries. Venter (2010) found the same for US male and female data for the RH model. 

For males this study found that the more skewed Poisson-inverse Gaussian distribution fit 

about as well as the negative binomial. The three-parameter Sichel distribution, which in the 

fit had intermediate skewness, fit better. For females the negative binomial had the best fit, 

with the other distributions apparently too skewed.  

Venter (2010) also found that the model with cohort effects fit substantially better 

than the basic LC model, but that there are some problems with the cohort model. If the 

data is arranged in a rectangle, with rows representing the calendar years t and the columns 

representing the ages at death d, then the sample data fills out the rectangle. The cohorts fall 

on the NW – SE diagonals of the rectangle. 

One problem is that a good number of these diagonals, especially in the SW and NE 

corners of the rectangle, have only a few observations. This allows for good fits in these re-

gions no matter what the base mortality and trend parameters are, and so allows those pa-

rameters adapt themselves to fit the other parts of the rectangle. This lets the model fit 

much better to the changes in shape of the mortality curve, but that is not what the cohort 

parameters are supposed to represent. When they are fit to just a few observations they can 

indeed change the shape of the mortality curve, but their interpretation as deviations in mor-

tality for the cohort throughout life is highly suspect. This is particularly problematic for the 



4 
 

SW corner of the rectangle, which is the youngest group in the study. The cohort parame-

ters there would be used in future projections for mortality for those age groups, but if the 

parameters are not really cohort parameters, these projections could have substantial error. 

The other problem is that once you add in cohort parameters, the cohort, base mor-

tality, and calendar year parameters can become highly correlated. A trend in mortality 

across calendar years can impose a trend across cohorts and ages as well. In the Venter 

(2010) study this was the case for the female model. Using the information matrix from the 

MLE fit, these three types of parameters were found to be highly correlated, which made 

most of them not statistically significant. Even though the parameters taken as a whole im-

proved the fit substantially, as measured by penalized likelihood, they were not individually 

meaningful or significant. They implied opposing trends in cohorts and calendar years, and a 

rather strange base mortality curve. These would be difficult to project in any useful way. 

The RH base mortality parameters from that study are graphed in Figure 1 for the 

male and female models. The female parameters look rather strange, as discussed. 

 

Figure 1 – RH Base Mortality 
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graphs have been rotated by subtracting a linear function of age that represents the slope. 

 

Figure 2 – LC Male 

 

Figure 3 – RH Male 
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The solid lines are the models and the dotted lines the data. The LC model is seen to 

fit fairly poorly at younger ages in the earliest (top) and latest (bottom) years, as well as for 

older ages in some of the years. This is because the mortality curve is changing in ways that 

the LC model cannot handle. The RH model responds quite well to those areas, fitting vir-

tually every twist of the data almost precisely. In fact it even matches the higher mortality 

for age 55 in 2006 than in 2001. As discussed, it is not plausible that these improvements 

come from actual cohort effects that hold over the whole lives of the cohort. 

The greater improvement in mortality at the younger ages compared to the older 

ages is also apparent in these graphs. Even with the linear transforms, the distances between 

any two lines remains constant, as the same linear function is subtracted from both lines. 

For the female models the improvement in fit by adding cohorts was comparable, but 

there was not the same age difference in mortality improvement, so the shapes of the mor-

tality curves did not change as much as for the males, and the LC model fit better to start 

with. There was a similar lack of improvement at age 55 from 2001 to 2006, however. The 

female rate of improvement in mortality at all ages was closer to that of the older men, so 

was less at younger ages than for males. However it was also less steady, with fairly long pe-

riods of  little or no improvement alternating with short periods of great improvement. 

Curve Fitting 

As noted, fitting curves to mortality rates has been explored as an alternative to LC 

models. Here a generalized Makeham function is fit to the raw death rates, although fitting 

to force of mortality is more typical. Richards (2008) discusses some such generalizations, 

based on earlier work by Beard (1959) and Perks (1932). Using a curve to fit the ad parame-

ters requires a log transform, and the form used here takes 4 parameters : 

ad =  + log[(1+d)/(1+d)] 

Fitting such curves with four parameters to the log death rates in each year 1971 – 

2006 results in the use of 144 parameters, compared with 104 for LC and 207 for RH.  
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Using a form of the negative binomial (see appendix), the following values of the 

negative loglikelihood (NLL) were produced: 

 NLL Parameters 
Added 

HQIC Needed 
Improvement 

NLL Improvement 

Model Female Male Female Male 

LC  9444 9652     
Curve 9482 9553 40 79 -38 99 
RH  8748 8972 63M, 103F 124M, 202F 696 581 

The goodness of fit test here is the HQIC, which requires an improvement in NLL of 

log(log(sample size)) for each extra parameter, where here the sample size is 1260, requir-

ing an improvement of 1.96555 per parameter. This is intermediate between the AIC and 

BIC. As can be seen, every model fit the female data better than the male data, and the RH 

model gave the best fit to both data sets, even though it is of dubious interpretation here. 

The generalized Makeham curve fit better than LC for the males, where the mortality curve 

was changing more over time, but LC fit better for females. 

 Nonetheless, for both males and females, the curves provide smoothed versions of 

the mortality functions for each year which are smooth enough to show all years on a chart, 

thus providing some insight into what the changes in the mortality functions have been.  

 

Figure 4 – Generalized Makeham Male 
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The male curves in Figure 4 (with age/12 subtracted) actually divide into three pe-

riods. First for 1971 until 1987, which is the light-green line with the square markers, the 

curves are straight or downward-curving. Then starting in 1988 (red with diamond mark-

ers) the curves bend upward. Until around 2001 or 2002 (first dotted curve) the mortality 

at age 55 is steadily improving, but the improvement at the other end of the curves is slower 

and sometimes non-existent. Then somewhere around 2000 to 2002 the improvement at 

age 55 stops and the improvement at the older ages accelerates. The last three years show a 

different shaped curve from the earlier years. 

The changes in shape show why LC had problems fitting this data, but the fact that 

the biggest changes were at the ends of the lines shows why RH can make a big, albeit artifi-

cial, improvement in the fit. The graph also suggests that projecting future changes in lon-

gevity has a high degree of uncertainty involved. Should you just project the last five years, 

or from 1988 on, or average improvements in mortality over all the data? This could make 

quite a difference, especially at some ages. The recent lack of improvement at age 55 is par-

ticularly problematic. That could be related to the recent reduced access to health care in 

the US for people under 65. If so, you would expect it to eventually improve over time as 

the new insurance regulations take hold. At the other end of the curve, it might be reasona-

ble to assume that the older ages will improve at the same rate as most of the curve, as there 

seems to be a trend in that direction over quite some time. Nonetheless this is an assumption 

imposed on the projection process and thus adds to the projection uncertainty. 

The generalized Makeham model did not fit as well as LC for females, but the fits in 

Figure 5 still provide some insights. Here age/10 was subtracted to remove the upward 

trend. It is apparent that there has not been so much change in the shapes of the curves as in 

the male model. What does stand out, however, is variation in the rate of mortality im-

provements across the age groups. For instance, for ages 75 and above, there were fairly 

long periods with very little improvement in mortality, punctuated here and there with 

years of substantial improvement. Ages 65 and below, on the other hand, had much more 
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steady but generally small improvements. As with the male data, there has been little im-

provement at age 55 in the latest few periods. Also since about 2000 there has been some-

what similar year-to-year improvements in the male and female graphs, even by age. 

 

Figure 5 – Generalized Makeham Female 
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Pension Plan Application 

Fitting models to pension plan data has both advantages and disadvantages compared 
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data as well, such as actual dates of birth and death, which can allow fitting the force of mor-

tality at each age instead of annual average rates as well as using practically continuous trend 

models. Also smoking status might be identified, which can give better predictions of mor-

tality. The use of postal codes in creating geodemographic profiles is also possible. There are 

databases of demographic characteristics by postal code, and these have predictive power 

regarding mortality rates. Richards (2008) discusses some of these issues. 

On the other hand, the time series might be shorter, and the population smaller, re-

sulting in greater fluctuations in the data. This could require models simpler than LC for the 

base mortality, before the geodemographic effects are included. For instance a single genera-

lized Makeham function could be fit with an assumed uniform time trend. Depending on the 

volume of data and the number of years available, the changing trends, variation of trend by 

age, cohort effects if any, and deviations of the data from the Makeham curve might not 

show up with any statistical significance. This could end up with a model that seems to fit 

well but with projections that understate the uncertainty in the trends. 

Conclusion 

Actual mortality data seems to follow patterns more complex than assumed by stan-

dard models, such as Lee-Carter, and cohort effects in these models might be misleading. 

Projections of longevity trends from any of the models available require additional assump-

tions about which parameter sets, etc. might apply in upcoming periods, and fairly different 

projections can result. All of these have some degree of validity and should be considered in 

the scenario set of possible outcomes. Additional detail is available in pension plan data, 

which can lead to more precision about individual annuitant probabilities, but limitations in 

the data can require cruder models of the overall mortality process, producing greater un-

certainty in the projections, and this may not always be apparent from model diagnostics. 
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Appendix: Count Distributions 

The negative binomial distribution has two parameters r and, with mean r and va-

riance r(1+). In the sample data there are 1260 cells, and when the negative binomial is 

used, each cell has values for r and . The mean  = r is the value given by the RH model, 

but how r and  vary across cells depends on how the model is set up. In the NB1, it is as-

sumed that every cell has the same value of , so the ratio of variance to mean is 1+ for 

every cell. In the NB2 every cell is assumed to have the same value of r, with  set to /r, 

which gives variance to mean ratio 1+/r, which is higher for the cells with higher means. 

However there are many other ways the parameters can vary across cells. For instance, sup-

pose there is a constant q for all cells, with r and  given by r = q½ and  = ½/q. Then 

the mean is still r = , and the variance to mean ratio for a cell is 1+ ½/q. This can be 

called the NB3. Its variance/mean ratio is still higher for the larger cells, but not by as much 

as in the NB2. 

This can be generalized to the NBp distribution, which adds a parameter p to control 

the variance/mean ratio. It sets r = q1 – p and  = p/q. The mean is again r = , but 

http://www.ermsymposium.org/2010/pdf/2010-erm-chicago-venter-mortality.pdf
http://www.actuaries.org.uk/__data/assets/pdf_file/0018/103077/sm20080225.pdf
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now the variance to mean ratio for a cell is 1+ p/q. The value of p can be found by MLE.  

When fitting a single NB distribution to a data set, all of these forms are the same. 

The difference comes when fitting a number of distributions to a number of cells where a 

common relationship of variance and mean is desired. The NBp forms discussed here by no 

means exhaust the possible such relationships. In general if the variance/mean ratio desired 

is 1+G(), just set r = /G() and  = G(). For instance, G() = q log() might work in 

some cases. 

To simplify the fitting process, the NBp distribution was used in the fits in the paper. 

In almost all cases the result was very close to either the NB1 or NB2, so it would be possi-

ble to refit using the appropriate distribution in each case, but this approach lets each data 

set and model find its own best form of the NB with a single optimization. 


